The paper studies the correlation asymmetry between currency spot and futures returns and its implication on hedging effectiveness using alternative multivariate GARCH models and different hedging strategies. For this purpose, daily data of EUR spot and futures returns are used to present a direct hedging strategy. A cross hedging strategy is also proposed using TND spot and EUR futures returns. Dynamic hedging is implemented using five multivariate GARCH models. The diagonal VECH and BEKK models are chosen among the covariance models. The CC-GARCH, DCC and GDCC represent the correlation models. The empirical results show that correlation between EUR spot and futures returns as well as between TND spot and EUR futures returns exhibit asymmetric behaviour. Moreover, the asymmetric diagonal VECH gives the best performance in terms of portfolio risk reduction in both strategies showing that covariance models are better than correlation models in modelling correlation asymmetry.
Introduction
Financial markets face a tough climate especially foreign currency markets that are more and more in turmoil. At the same time, globalisation and international investment are increasing. Consequently, the need to protect investment returns from foreign exchange risk becomes substantial. As an instrument to protect from risk, derivatives are securities whose value is derived from the value of an underlying asset and includes forwards, futures, options, etc. Futures contracts offer a considerable hedging to investors who fear adverse currency movements. Hedging is a simple theoretical concept. However, succeeding its practice is a challenge for investors and risk managers since it depends not only on a good knowledge of finance concepts but needs also a mastery of econometric models.
Several researches underline that the relationship between spot and derivative markets, measured econometrically by the correlation, tend to be much greater on the downside movements than on the upside ones. The major problem is that neglecting correlation asymmetry may lead to ineffective hedging especially when markets are bear. Researchers have started by testing the existence of correlation asymmetry and its implication on portfolio diversification (Longin and Solnik, 2001; Ang and Chen, 2002; Cappiello et al. 2006) . The general finding is that correlation between stock returns is much greater in periods of volatile markets and that neglecting the correlation asymmetry behaviour leads to ineffective portfolio diversification. Brooks et al. (2002) can be considered as the first who motivate researchers to enter the futures hedging field and the implication of correlation asymmetry on effective hedging. They study the impact of asymmetry on time varying hedges using daily FTSE 100 stock index and stock index futures contracts over the period 1985 to 1999. They find that allowing for both time variation and asymmetry in the variance-covariance matrix yields superior in-sample hedging effectiveness (HE). Demirer and Charnes (2003) are the first who focus exactly on the concept of correlation asymmetry for spot and futures markets. Using extreme value approach in order to analyse the dependence between spot and futures returns in ten markets including stock indexes, commodities and foreign exchanges, they give evidence of the asymmetric pattern in the correlation. They introduce the investigation of the correlation asymmetry implications on risk management studying the optimal hedge ratios (OHRs) and the resulting hedging performances for both short and long hedge and add also in this framework the analysis of the so-called 'downside risk'. They conclude, hence, that since the correlations between spot and futures returns are much greater on the downside than on the upside, especially for extreme moves, investors are more concerned with reducing the risk of the market downturns and that hedge ratios aiming to minimise this one-sided risk provide generally more efficient hedging strategies than the two-sided traditional minimumvariance hedge ratio. Li (2005) focuses on studying asymmetric co-movement behaviours between spot and futures returns under various volatility regime circumstances using Markov Switching approach. He finds evidence of a relationship between volatility and correlation documenting that the maximum correlation is associated with the high volatility state. As the implication on hedging is considered, he concludes that hedge ratios implemented in a state-varying correlations framework are more adaptable for various volatility regime states and give better HE results.
Many researches use multivariate GARCH models in estimating the dependence between spot and futures returns. Despite the numerosity of these researches, none of them focused exactly on correlation asymmetry. They always restrict the asymmetry in the volatility and investigate its impact on modelling the dependence between spot and futures returns and the resulting hedge ratio and HE. Hakim and McAleer (2009) analyse the correlation between stock/bond futures and their underlying assets, and the impact of this correlation on VaR forecasts. Using dynamic conditional correlation (DCC) model, he concludes that this model outperforms slightly the CCC and BEKK models in forecasting the VaR. Chang et al. (2013) study the effectiveness of currency futures using alternative multivariate GARCH models for alternative maturities of the contracts. They find that using near-month futures gives slightly higher effectiveness and lower hedge ratios than using next-to-near-month futures. As the models used are considered, they conclude that the constant correlation GARCH (CC-GARCH) and the VARMA-AGARCH give similar results which indicates no evidence of dynamic asymmetry. Jin (2013) studies the DCC of petroleum spot and futures markets using a VARMA-AGARCH-DCC model. He finds that the model fits well the data and gives significant HE.
Several researches use Copula models and Copula-GARCH combinations in estimating the dependence between spot and futures markets. Chang (2012) implements a copula-based ARJI-GARCH model to analyse the time varying and asymmetric dependence between crude oil spot and futures returns. He finds evidence of asymmetric dependence being slightly weaker in the upper tail than in the lower one. In the same context, Xin and Jun (2015) also use a time varying copula GARCH to crude oil spot and futures and show significant time varying asymmetric tail dependence between the data. Chai (2015) analyses the dependence structure and OHR of US spot and futures markets during financial crisis using a Gumbel copula-threshold-GARCH model modelling asymmetry in univariate spot and futures returns as well as in bivariate dependency. He finds that copula function describes significantly tail dependence in crises.
The paper investigates the problem of accounting for correlation asymmetry in hedging exchange rate risk using currency futures in a case of cross hedging versus a direct hedge strategy. In fact, correlation asymmetry has been much more discussed in portfolio diversification than in futures hedging. Hence, this paper might be considered as an extension to the few researches of correlation asymmetry, especially, in currency futures hedging. In order to model the asymmetric correlation aspect between currency spot and futures returns, five multivariate GARCH models are used. Given symmetric and asymmetric versions, the study compares the effectiveness of some GARCH models based on the variance-covariance matrix with models based on the conditional correlation. The resultant hedge ratios and HE are computed and permit to conclude whether models allowing for asymmetric correlation give better hedging decisions. Focusing on the concept of accounting for correlation asymmetry in hedging, the paper proposes to treat an important issue existing in developing countries which is the absence of really working futures contracts and the decision of cross hedging. To achieve this purpose, the Tunisian dinar (TND) is taken as an example of spot data cross hedged with Euro (EUR) currency futures. The Tunisian exchange market as well as the idea of cross hedging, in general, are used for the first time, in my knowledge, in the correlation asymmetry literature. This combination (TND spot and EUR futures) is chosen because of the strong economic and financial link between these two currencies. The cross hedging results are compared with those of the direct hedging which consists on hedging EUR exchange risk with EUR futures. The approach proposed in this paper is similar to that of Chang et al. (2013) who examine the effectiveness of three currency futures (EUR, GBP and JPY) using alternative multivariate GARCH models (CC-GARCH, VARMA-AGARCH, DCC and BEKK) for alternative maturities of the contracts (nearmonth and next-to-near-month maturities) while this study examines the effectiveness of currency futures using alternative symmetric and asymmetric multivariate GARCH models for alternative hedging strategies (cross and direct hedging). As the main researches that use multivariate GARCH for spot and futures dependence modelling, Chang et al. (2013) assume asymmetry only in volatility while, in this paper, we conduct the comparison between the models as well as between the strategies when accounting or neglecting for asymmetry in the co-movements of the spot and futures returns. Chang et al. (2013) study the effectiveness of currency futures focusing on an important hedging decision which is the maturity of the contract, while we deal with another hedging decision that is the choice of the underlying asset in the futures market. In addition, the contribution of this study is seen from two perspectives. From an econometric perspective, we try to evaluate the performance of the covariance models relative to the correlation models in modelling the correlation dynamics. From a financial perspective, we try to compare the estimation results and the effectiveness of a cross hedging relative to a direct hedging when accounting or not for the correlation asymmetry.
In summary, the study examines whether the EUR spot and futures returns correlation as well as the TND spot and EUR futures correlation exhibit asymmetric pattern and whether this asymmetry, if it exists, is introduced better either by a model based on the covariance matrix or by a correlation model. The structure of the paper holds the different tasks necessary to fulfil the objectives. Section 2 specifies the models used in the research. Section 3 shows the calculation of the hedge ratio and the HE and the impact of correlation on these measures. Section 4 presents the data diagnostics. Section 5 gives the empirical findings and Section 6 provides the conclusion of the paper.
Econometric models
The section specifies the models used in this study. The diagonal VECH and the BEKK models are presented as those based on the variance-covariance matrix. The CC-GARCH, the DCC and the generalised dynamic conditional correlation (GDCC) are the correlation models.
Before describing the models, we adopt the following notation:
r it the return of asset i for t -1 to t
h iit the conditional variance of ε it given all information at time t -1 h ijt the conditional covariance between ε it and ε jt given all information at time t -1.
To deal with the asymmetric extension of the models, let η it = max[0, -ε it ] and η t = [η ijt ] is the negative shocks vector. Assuming a stochastic vector process {r t } with dimension T × 1. F t-1 denotes the information set generated by the observed series {r t } up to time t -1. r t is conditionally heteroscedastic. H t is formulated depending on the multivariate GARCH model adopted.
Multivariate GARCH models based on the covariance matrix
In this subsection, we describe the specification of the DVECH model of Bollerslev et al. (1988) and the BEKK model of Engle and Kroner (1995) .
The VECH model
The VECH GARCH model of Bollerslev et al. (1988) is a simple generalisation of the univariate GARCH model. The model is formulated as following:
C is a (3 × 1) parameter vector, A and B are (3 × 3) parameter matrices. Vech(.) is an column stucking operator applied to the upper portion of a symmetric matrix. The number of parameters reaches 21 as C contains three parameters while A and B have nine parameters each. The number of parameters tends to be very large when the number of assets exceeds two. In order to understand more the model, the elements of each matrix are given below: ;
The vech operator takes the upper triangular portion of a matrix and stucks each element into vector with a signal element column where: 
This makes the estimation computationally demanding. A simplified version of the model is given by Bollerslev et al. (1988) assuming that A and B are diagonal matrices which makes the estimation easier. The model is known as the diagonal VECH model.
• The diagonal VECH model:
In the diagonal VECH (DVECH) model, the number of parameters in a bivariate case is reduced to nine as the matrices A and B have now only three parameters each. The model is written as:
where w ij , α ij and β ij are parameters.
• The asymmetric diagonal VECH model:
The asymmetric diagonal VECH (DVECH) model is written as follows:
A disadvantage of the VECH model, in general, is that it does not guarantee the positive-definiteness of the covariance matrix.
The BEKK model
The BEKK model presented by Engle and Kroner (1995) is a restriction version of the VECH model. The model present an attractive advantage that is the positive definiteness of the covariance matrices which is ensured by construction. The model is formulated as follows:
where A and B are (2 × 2) matrices of parameters and C is an upper triangular parameter matrix. The constant term is decomposed into a product of two triangular matrices in order to ensure the positive definiteness of H t .
• The asymmetric BEKK model:
The asymmetric BEKK model is formulated as: 
Model estimation
Assuming that the errors ε t follow a multivariate normal distribution, the parameters of the VECH and BEKK models can be estimated by maximising the log-likelihood function:
( 1 0 ) θ denotes all the unknown parameters to be estimated, T is the series length, k is the number of assets which is set to 2 in this study as we deal with the bivariate case.
As seen in the formula, the conditional covariance matrix has to be inverted for every t in each iteration. This can be difficult when T is large. This problem is added to that of the positive definiteness of the covariances matrices in the VECH model.
The heavy computation problem of the estimation is also existing in the BEKK model due to several matrix inversions and to the number of parameters that is very large. In addition, the non linearity in parameters makes the convergence difficult.
Along the researches, effort has been made to implement new MGARCH models that are reasonably parsimonious while maintaining flexibility and ensuring the positive definiteness of the conditional covariance matrices. Another problem deals with the numerical optimisation of the likelihood function. The conditional covariance (or correlation) matrix depends on time t and has to be inverted for all t in every iteration of the numerical optimisation. This leads to time consuming when the dimension of r t increases. Avoiding excessive inversion of matrices is, hence, a major goal in developing MGARCH models.
The correlation models
In this subsection, we develop the specification of the constant correlation (CC-) GARCH model of Bollerslev (1990) , the DCC model (DCC) model of Engle (2002) and the GDCC model of Cappiello et al. (2006) .
The CC-GARCH
The constant correlation (CC-) GARCH model of Bollerslev (1990) is the simplest multivariate correlation model. The model is based on the decomposition of the conditional covariance matrix into conditional standard deviations and correlation and assumes time-invariant conditional correlation. The CC-GARCH is expressed as:
is positive definite with ii = 1, i = 1, …, k. The off-diagonal elements of the conditional covariance matrix are:
for i ≠ j and 1 ≤ i, j ≤ k. As a GARCH(p, q) model, the conditional variances can be written as a vector form:
where ω is 2 × 1 vector, A j and B j are diagonal 2 × 2 matrices, and
.
The positive definiteness of the covariance matrix H t is obtained by both the positive definiteness of the conditional correlation matrix P and the positivity of the elements of ω as well as the diagonal elements of A j and B j . However, it is not necessary to have positive diagonal elements of A j and B j to allow for positive definite P unless p = q = 1.
As the covariance matrix is decomposed on conditional variances and correlations, the log-likelihood is formulated as:
This formula shows that the conditional correlation matrix has to be inverted only once per iteration during the estimation. Although the estimation of the CC-GARCH is computationally attractive, many researches suggest that the assumption of constant correlation contradict the reality and that more developed models assuming time-varying correlation shows better performance (Tse, 2000; Tse and Tsui, 2002; Engle, 2002) .
• The asymmetric CC-GARCH:
The asymmetric CC-GARCH is written as:
The DCC model of Engle (2002)
The DCC model was firstly introduced by Engle (2002) . The DCC model is a generalisation of the CC-GARCH of Bollerslev (1990) that adopts the same decomposition but assuming time varying correlation. The standard DCC is specified as:
• The asymmetric DCC:
The asymmetric DCC is written as follows:
where D t is a 2 × 2 diagonal matrix of time varying standard deviations from univariate GARCH models with i th diagonal equal it h and R t is the time varying correlation matrix. Q is the unconditional correlation matrix of the standardised errors ε t . In the DCC model, H t is positive definite when the conditional variances h it , i = 1, …, k are well defined, and the conditional correlation matrix R t is positive definite at each point in time.
The GDCC
Cappiello et al. (2006) proposed a generalised version of the DCC-GARCH modelling the asymmetric aspect of the correlation. For a symmetric GDCC, the dynamics of Q t becomes as follows:
• The asymmetric GDCC:
The asymmetric GDCC is written as follows: 
Estimation of the DCC and GDCC
The estimation of the DCC and GDCC models becomes difficult relative to the CC-GARCH as the correlation matrix has to be inverted for each time t in every iteration. Cappiello et al. (2006) estimate the covariance matrix H t in two stages. In the first stage, univariate volatility models are fitted and h it which have just been estimated, are transformed to standard deviations and are used to estimate the parameters of the conditional correlation. Once the convenient univariate GARCH model is chosen, the standard residuals r it /h it are used to estimate the dynamics of the correlation. This two-step method reduces the dimensionality of the maximisation problem and permits, thus, its acceleration.
The log-likelihood is expressed as follows: log(2 ) log 2 1 log(2 ) 2 log log 2 1 log(2 ) 2 log log 2
T t t t t t T t t t t t t t t t T t t t t t t T t t t t t t t t t t t
The aim from this formulation is to permit the model to be estimated more easily when the covariance matrix is very large. Assuming θ = (μ i , ω i , α i , β i ) the parameters in D and φ = (a, b) the additional parameters in R, the log-likelihood of a DCC or a GDCC model can be expressed as the sum of two parts: one for the volatility and one for the correlation:
The volatility term is:
and the correlation component is:
The volatility part of the likelihood consists of the sum of individual GARCH likelihoods:
Which is maximised by separately maximising each term. The two-step approach to maximising the likelihood consists of finding:
and, therefore, take this value as given in the second step:
As seen in the formula, the maximum of the second stage will be a function of the first stage parameter estimates. Hence, the consistency of the first step leads to consistency of the second step.
Correlation and effective hedging
Hedging needs to give more attention to the relationship between the prices of the futures and the underlying asset to be hedged. The correlation which designates the measure of this dependency exhibits along the researches asymmetric pattern. In other words, correlations increases significantly in extreme moves. Hedging would be useless when it is most needed, namely during stressful market conditions, if correlation asymmetry between spot and futures prices is not accounted. Mathematically, the correlation between spot and futures positions is shown to be a key variable in which rely heavily the hedge ratio as well as the HE, and this can be shown by a simple transformation of hedge ratio and hedging performance formulae. To do so, a brief introduction of these formulae are given below. Ederington (1979) was the first who postulated the objective of hedging in terms of minimising the variance of the whole portfolio R p involving both the spot position to be hedged and the futures position to hedge with. The resulting hedge ratio is obtained by regressing spot returns R st on futures returns R ft as follows:
where α and β are constants and ε t are series of identically and independently distributed errors. β is the OHR obtained via minimising the portfolio risk designed by its variance written as: Replacing the covariance between spot and futures returns by its formula, the hedge ratio becomes: Demirer and Charnes (2003) conclude that during bear markets when correlations tend to be higher, OHRs will be suboptimal if asymmetry is not taken into account. Ederington (1979) focuses on the risk minimisation objectives in the determination of hedge ratios. Thus, the effectiveness of a hedge is measured by the percentage reduction in the portfolio risk of the hedged position over the unhedged position. The HE is formulated as: The more the portfolio risk is minimised relative to the spot position, the closer the HE is to one and so, the more effective is the hedge. Developing the portfolio variance in the above formula in function of the return variances and the covariance leads to the following expression: 
The formula justifies the fact that a hedger has to choose the derivative that is highly correlated with his underlying asset to obtain effective hedging. Li (2005) find that the risk reduction performance in the case of state varying correlation are superior and greater than the setting with constant correlation. In addition, researches (Demirer and Charnes, 2003; Li, 2005) conclude that hedge will be ineffective in bear markets if correlation asymmetry is not accounted.
Data description and diagnostics
The data set includes daily EUR and TND exchange rates with EUR futures contracts. The data is closing in foreign currency per US dollar. Closing prices for futures contracts are collected from the Chicago Mercantile Exchange and available maturities are March, June, September and December. Nearby futures contracts (the contract whose maturity is the closest to current date) are chosen due to liquidity. The sample extends from December, the 16th, 2010 to December, the 16th, 2015. It gives us 1,305 observations that are large enough to permit a representative sample. Daily returns on cash and futures contracts are used to represent spot and futures positions, respectively, and are calculated as 100 times the differenced logarithmic prices. We focus on daily co-movements since the daily horizon is crucial for risk management purposes and for portfolio managers whenever dynamic hedging strategies are used. The study focuses on the Tunisian exchange market in the cross hedging strategy as Tunisia is considered among the developing countries where the futures contracts are absent in their derivatives markets. The decision of cross hedging consists on choosing the futures contract of a major currency on which the TND is highly dependent. In order to explain the choice of the TND spot and EUR futures combination as a cross hedging strategy in this study, a brief identification of the Tunisian foreign exchange policy is essential. In fact, the Tunisian foreign exchange policy is a basket peg. This means that the value of the TND is determined as a weighted sum of a portfolio of currencies known as a basket. The weights of the currencies are substantially based on the relative importance of Tunisia's trading partners. Since more than 70% of the Tunisian exports are with the European Union, the EUR currency is a dominant component in the basket. In other words, the TND depends hugely on this unique currency. Figure 1 shows the time plots of the spot and futures returns. The EUR (RSEUR) and TND (RSTND) spot returns as well as the EUR futures returns (RFEUR) show time variation. Table 1 summarises the descriptive statistics for futures and spot returns. The summary statistics indicate that all the mean returns are negative and close to zero. The summary statistics indicate that the Tunisian spot returns have the smallest average and standard deviation while the EUR spot returns moves seem to be the most volatile. Regarding skewness and kurtosis, the EUR spot and futures return series are skewed right (positive values of skewness) while the TND spot returns are skewed left. The three returns are heavy tailed (kurtosis > 3) with the highest kurtosis shown in the Tunisian spot returns. The Jarque-Bera test value validates the two latter measures values by revealing significant non-normality in all the series. Notes: Skewness is a measure of asymmetry where 0 indicates a symmetric distribution. The kurtosis indicates the shape of the distribution where 0 indicates a normal distribution. The Jarcque-Bera test combines the skewness and kurtosis to test the null hypothesis of normality. Q(24) and Q 2 (24) are respectively the Ljung-Box statistics at lag 24 for the standardised and squared standardised residuals. The Ljung-Box is distributed as khi-deux with 24 degrees of freedom. The ADF denotes the augmented Dickey-Fuller test. The ADF null hypothesis is the presence of unit root in the returns.
After concluding for non normality in the return series, it is crucial to check if the return series change across time linearly and independently of their past realisations. To do so, Ljung-Box test for up to order 24 for the residuals and the squared residuals is conducted. The lag 24 is chosen to correspond to a period of approximately one calendar month. The test indicates the absence of serial correlation in both spot and futures residuals while a considerable serial correlation exists in the squared residuals of the common sample. This means that the two spot and the EUR futures returns exhibit a significant heteroscedasticity which is consistent with characteristics of major financial time series. Table 1 reports also the Augmented Dickey-Fuller unit root test results. The results show absence of unit root for the three returns.
Empirical findings
The multivariate GARCH models estimated in this study are diagonal VECH (DVECH), BEKK, CC-GARCH, DCC and GDCC. The DCC and the GDCC are estimated using the famous two-step estimation which consists on estimating separately the conditional variances in a univariate GARCH model for each of the three return series (2 spot and 1 futures return series) and use, then, the standardised residuals as observed data in the second step estimating the conditional correlation. In this research, the conditional volatility h it is assumed to follow an asymmetric univariate GARCH(1, 1) process as in Glosten et al. (1993) . The asymmetric univariate GARCH is used in the first step in both symmetric and asymmetric DCC and GDCC estimation. The coefficients (denoted as Coeff. in the tables) and their p-values for the five models (symmetric and asymmetric) are reported in Tables 2 to 7. Table 2 presents the estimation results of symmetric and asymmetric diagonal VECH. The intercept in the mean equation show weak significance through the four results. The other parameters are all significant except the covariance GARCH parameter in the asymmetric DVECH for the direct hedge. This means that the covariance between EUR spot and futures in the asymmetric DVECH depends only of the shocks and not on its own lag. The volatility persistence, measured by the sum of the lagged residual and the lagged volatility parameters seems to be important only in the cross hedging case in both symmetric and asymmetric model. Asymmetric parameters are significant which means that negative shocks affect both volatilities and covariance in the two hedging strategies. Mean (2 Table 3 shows no evidence of asymmetry in the BEKK model. Negative shocks affect only the variance of the EUR spot returns and the variance of the EUR futures in the cross hedging strategy. The intercept in the mean equation as well as in the covariance matrix are generally insignificant. The GARCH parameters are stronger than the ARCH ones. This indicates that both in the variance and covariance, the long-run persistence of shocks is higher than the short run shocks persistence. In addition, shocks to spot and futures volatilities in both strategies are substantially persistent as opposite to shocks to the spot futures covariance which are not highly persistent. Table 4 presents the estimation results of symmetric and asymmetric CC-GARCH. As in the latter estimation, the intercept in the mean equation is rarely significant. The majority of the parameters are significant except the asymmetric component parameters in the cross hedging strategy. The volatility persistence is higher (close to 1) in both the EUR spot and futures return variances than in the TND spot return variance. Table 5 shows the parameter estimates of the asymmetric univariate GARCH model used to standardise spot and futures return series. The asymmetric term is significant in both EUR spot and futures model while insignificant in the TND spot returns variance. Hence, the volatility of the TND spot returns is not affected by negative shocks. The ARCH parameter is insignificant in EUR spot and futures returns volatilities which means that the volatilities are independent of the past shocks. The GARCH parameter is higher in EUR spot and futures returns than in the TND spot returns which means that the long run persistence is stronger in EUR spot and futures returns than in the TND. Table 6 presents the estimation results of symmetric and asymmetric DCC. Focusing on modelling the correlation dynamics between TND spot and EUR futures returns, the ARCH and GARCH parameters are significant in both symmetric and asymmetric model and the correlation persistence is important. However, the conditional correlation between TND spot and EUR futures returns does not seem to be asymmetric. As far as the direct hedge is considered, only the GARCH parameter shows insignificance. The correlation between EUR spot and futures returns is asymmetric and depends only on the past cross residuals. Table 7 presents the estimation results of symmetric and asymmetric GDCC. As opposed to the DCC, all the parameters in the cross hedge are significant including the asymmetric ones. According to the GDCC, the correlation dynamics between TND spot and EUR futures returns shows greater asymmetry than the correlation in the direct hedging strategy. Note: Log-L refers to the log-likelihood value at maximum. AIC and BIC are respectively the Akaike and the Bayesian information criteria.
In summary, most of the parameters are significant along the models which leads to conclude that there is a time varying market risk. In general, the GARCH effect is mostly strong and ARCH effect is weak or even absent in the EUR markets. The results of the conditional covariance and correlation are not very far of that of the conditional variances, indicating that the conditional covariance (correlation) depends more on its lags than on past innovations, except in the DCC model which shows absence of GARCH effect in the EUR spot and futures correlation. To further explore the correlation characteristics, the correlation dynamics are studied. The models estimated display different variance, covariance and correlations matrices parameters. Hence, it is crucial to decide which model fits better the data. Table 8 gives the BIC, AIC and the log-likelihood (Log-L) values for the different models estimated. In both strategies of hedging, the asymmetric BEKK seems, generally, to be the best model to fit the data. In the case of direct hedging, the log-likelihood, the AIC and BIC are in favour of the asymmetric BEKK. As far as the cross hedging strategy is considered, the log-likelihood value and the AIC criterion indicate that the asymmetric BEKK is the best model while the BIC value shows that the symmetric BEKK is rather the best.
Comparing separately the correlation models, the asymmetric GDCC model shows the highest log-likelihood in both strategies. This confirms the results of Cappiello et al. (2006) who find that asymmetric DCC extensions perform better than their symmetric counterparts.
Figure 8 (Direct) hedge ratio using CC, DCC and GDCC models Hence, the comparison shows that the models accounting for asymmetry are the best efficient, whether they are based on the covariance matrix or on the correlation with superiority to asymmetric covariance models. As the main problem of this study is to investigate whether taking into account the correlation asymmetry in econometric models affects hedging decisions, it is crucial in this step to focus on calculating hedge ratios and HE issued from the estimated models.
Before comparing the average hedge ratio and HE of the different models, it is interesting to examine the dynamics of the time varying hedge ratios obtained from the different models estimated. Figures 6 to 9 show the dynamics of the different hedge ratios. As far as the correlation models are considered, the cross-hedge ratios seem to be lower in average and higher in volatility than the direct hedge ratios. The lower hedge ratio may be explained by the lower correlation in the cross hedging strategy. Notes: OHR, PF Var. and HE refer respectively to the optimal hedge ratio, the portfolio variance and the hedging effectiveness. Table 9 provides the OHR, the variance of the hedged portfolio (Pf Var.) and the HE issued from the different models estimated throughout this paper. The HE evaluates the usefulness of the hedging strategies and is used to compare the benefits of hedging provided from the different models. The most efficient model in each strategy, whether it is direct or cross hedging, has to give the highest HE and the least portfolio variance. As seen in the table, the asymmetric diagonal VECH is the most efficient model in both direct and cross hedging. In other words, the model allows the biggest percentage of risk reduction or, more precisely, it permits the maximum minimisation of the portfolio risk when accounting for asymmetry in the co-movements between EUR spot and futures returns as well as between TND spot and EUR futures returns. As expected, the HE is higher in the direct hedge. This type of hedge remains always preferable as the asset and its derivatives are, in this case always more correlated (Cecchetti et al., 1988) . The table shows that the covariance models perform better than the correlation models in HE. Nonetheless, the asymmetric GDCC can be considered as a relatively good model, but not the best, in reducing both direct and cross hedging portfolio risk as it takes the third rank after the asymmetric and symmetric diagonal VECH. Therefore, the asymmetric GDCC shows the best hedging performance among the correlation models. Hence, assuming correlation asymmetry gives better HE as indicated in several researches (Demirer and Charnes, 2003; Li, 2005) .
Comparing the hedge ratios of the symmetric versus asymmetric models in each strategy, we fin that hedge ratios are not always weaker after accounting for asymmetry. This contradict the findings of Demirer and Charnes (2003) who show that neglecting correlation asymmetry leads to suboptimal hedge ratios. This can be explained by the fact that the hedge ratio is not only influenced by the correlation between spot and futures but also by their respective volatilities.
Conclusions
Since the beginning of the 21st century, a big attention has been given to the study of conditional covariances and correlations between financial markets. In particular, substantial emphasis has been paid to the asymmetric aspect of correlation. Several researches suggest that the correlation between assets composing a portfolio tend to be much greater on the downside movements, where diversification or hedging is the most needed. Omitting this fact in constructing a portfolio diversification or hedging strategy leads to ineffective strategies.
This study analyses the co-movements between currency spot and futures markets and investigates, more precisely, the potential correlation asymmetry existence between the returns and its implication on currency futures hedging.
The researches focuses on two cases of hedging strategies: a direct hedge and a cross hedge. The first consists on hedging the EUR exchange rate risk using EUR futures. In the second, the paper proposes to hedge the TND exchange risk using also EUR futures as the futures contracts are almost absent in Tunisia and because of the great economic and financial relationship that entertains Tunisia with the Europe countries. In order to implement these strategies, five multivariate GARCH models are used in both symmetric and asymmetric versions, which allows to notice the effect of introducing asymmetry on estimated parameters and, then, on hedging decisions measures. The study uses two categories of dynamic models. The first class includes the models based on the variance-covariance matrix from which we propose the diagonal VECH of Bollerslev et al. (1988) and the BEKK of Engle and Kroner (1995) . The second category involves the models based on the correlation among which we propose the CC-GARCH model of Bollerslev (1990) , the DCC model of Engle (2002) and the GDCC of Cappiello et al. (2006) . The comparison of the estimation results was conducted from two perspectives. From an econometric perspective, the covariance models results are compared to those of the correlation models. From a financial perspective, the direct hedging strategy results are compared to those of the cross hedging strategy.
Both class of models show, almost, significant parameter estimates in their symmetric and asymmetric versions for direct and cross hedging. Even so, the asymmetric BEKK model seems to show the best results according to the model selection criteria. Since the principle aim of this study is to analyse the performance of the models in a financial framework, hedge ratio and HE are established from the different models estimated. The model giving the highest HE is the asymmetric diagonal VECH model in both direct and cross hedging strategies with a slight increase in the HE of the direct hedge relative to the cross hedge. This means that the covariance models perform better than the correlation models in hedging EUR exchange risk and in cross hedging TND exchange risk. Restricting the comparison to the correlation models, the asymmetric GDCC gives better results than its symmetric version, than its reduced versions (symmetric and asymmetric DCC) and also better than assuming a constant correlation (CC-GARCH). Therefore, the study underlines the fact that correlation is asymmetry in both direct and cross hedging strategies. Even though, the study shows that covariance models assuming asymmetry exhibit superior results in modelling both futures hedging strategies. In other words, assuming, simply, asymmetric co-movements between spot and futures returns, modelled by the covariance matrix, leads to effective hedging strategies.
The study investigates also the dynamics of the conditional correlations and the different hedge ratios obtained from the models estimated and compares their behaviours in direct and cross hedging strategies. Both correlation and hedge ratio in the cross hedge are, generally, weak in average and less stable.
The study includes some limitations. These limitations may be addressed in future research. The first limitation consists on the use of the whole sample in the comparison between the models. An in-sample and out-of-sample division may lead to more accurate comparison results. The second issue is the use of the HE measure of Ederington (1979) . However, researchers Lien et al. (2014) suggest that this measure should not serve as a benchmark in evaluating the conditional hedge strategy as its usefulness is measured by unconditional variances. It would be, therefore, interesting to deal with HE measures under condition of asymmetry, namely the downside risk measures which focus exclusively on downside movements where the hedging is the most needed. Finally, future research may be fruitful by more thoroughly studying the potential determinants of the correlation asymmetry and the use of these determinants as regressors in the conditional correlation equation. This may improve the effectiveness of the correlation models relatively to the models of the covariance matrix.
